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Introduction 

T h e  use of t he  var ious  s ta t i s t i ca l  c r i t e r ia  for  d i s t ingu i sh ing  
b e t w e e n  a c e n t r o s y m m e t r i e  a n d  a n o n - c e n t r o s y m m e t r i e  
s t r u c t u r e  d e p e n d s  on the  basic d i f fe rence  in t h e  n a t u r e  
of t he  i n t e n s i t y  d i s t r i bu t i on  for  t h e  two  cases as was  
f i rs t  s h o w n  b y  Wi l son  (1949). Whi l e  a c o m p a r i s o n  of 
t h e  e x p e r i m e n t a l  d a t a  w i t h  t he  theore t i ca l  d i s t r ibu t ions  
such  as t he  _N(z) func t i on  of Howel ls ,  Phi l l ips  & Roger s  
(1950) or  t h e  P(y) curves  of R a m a c h a n d r a n  & Sr in ivasan  
(1959) w o u l d  cons t i t u t e ,  in  essence,  a c o m p l e t e  tes t ,  
o t h e r  s ta t i s t i ca l  c r i t e r ia  h a v e  also been  sugges ted  as 
s imple  a n d  rap id  tes ts  for  this  purpose .  T h e y  are,  t he  
ra t io  @ = (,IF[}2/<[F[2}, a n d  the  va r i ance  of t he  n o r m a l i z e d  
in t ens i ty ,  v ( z ) = < ( z - ( z ) )  2) (Wilson,  1951). 

I n  t he  course  of a n o t h e r  i nves t i ga t ion  i t  was  n o t i c e d  
b y  the  a u t h o r s  t h a t  t he  va lues  of t he  h igh -o rde r  abso lu te  
m o m e n t s  of z a re  s t r ik ing ly  d i f fe ren t  for  t he  two types  
of d i s t r ibu t ion .  One  cou ld  the re fo re  expec t  t h a t  these  
w o u l d  af ford  us good  s ta t i s t i ca l  c r i t e r ia  for  d i s t ingu i sh ing  
b e t w e e n  the  two  cases. T h e  va lues  of these  h igh -o rde r  
m o m e n t s  can  be easi ly  o b t a i n e d  f rom ear l ier  w o r k  (e.g. 
K a r l e  & H a u p t m a n ,  1953; Roge r s  & Wilson ,  1953). 
H o w e v e r ,  t h e y  wil l  be d e d u c e d  i n d e p e n d e n t l y  in t he  
fo l lowing sec t ion  in a v e r y  s imple  w a y  m a k i n g  use of a 
s impl i f ied desc r ip t ion  of t he  c e n t r o s y m m e t r i e  a n d  non-  
c e n t r o s y m m e t r i e  d i s t r ibu t ions .  T h e  poss ib i l i ty  of th is  
s impl i f ica t ion ,  w h i c h  does n o t  seem to  h a v e  been  no t i ced  
ear l ier  in t he  l i t e ra tu re ,  arises f rom the  use of a class of 
d i s t r ibu t ions  k n o w n  as t he  g a m m a  d i s t r ibu t ions .  As 
wil l  be shown  below,  i t  enables  us to  s t u d y  w i th  a d v a n t a g e  
t he  var ious  p roper t i e s  assoc ia ted  w i th  these  d i s t r ibu t ions .  
I n  t he  las t  sec t ion  the  resul ts  of t he  tes ts  on t he  high-  
o rde r  m o m e n t s  wil l  be  discussed.  

A simpl i f ied description of the centrosymmetr ic  
and the non-centrosymmetr ic  distributions 

A g a m m a  d i s t r i bu t i on  is cha rac t e r i zed  b y  the  p robab i l i t y  
d e n s i t y  func t ion  (e.g. W e a t h e r b u r n ,  1961) 

q~(x) = e-Xx~-l / F(1) (1) 

w h e r e  t h e  r ange  of va r i ab le  is 0 to oo, a n d  /~(1) is t he  
wel l  k n o w n  g a m m a  func t i on  

F ( 1 ) = I ~ e - t t ~ - l d t .  (2) 

W h e n  a va r i ab le  x is d i s t r i b u t e d  accord ing  to  (1) we  
call  i t  a ' g a m m a  var iab le '  w i t h  p a r a m e t e r  l, or  sym-  
bol ica l ly  descr ibe  i t  as a 7(1) var iab le .  

T h e  d i s t r i bu t i on  func t ion  for  t he  no rma l i zed  in t ens i ty ,  
z, in  t h e  case of a n o n - c e n t r o s y m m e t r i c  s t ruc tu re ,  is 
g iven  b y  

P(z) dz = e-zdz . (3) 

A c o m p a r i s o n  of (3) w i t h  (1) shows t h a t  z has  a 7(1) 
d i s t r ibu t ion .  On the  o t h e r  h a n d ,  for the  c e n t r o s y m m e t r i c  

case, if we  t a k e  t he  va r i ab le  as z' = z/2, we see t ha t ,  s ince 

P(z) dz = (2~z)-½ exp [ - z/2] dz , (4) 

P(z') is g iven  b y  

P(z') dz" = z'-½ (e-Z'/~)dz" (5) 

a n d  the re fo re  z' is a F(1) var iab le .  
T h e  a d v a n t a g e  of this  s impl i f ica t ion  is t h a t  severa l  

p roper t i e s  c o n n e c t e d  w i t h  t he  two  d i s t r i bu t ions  can  be  
d iscussed qu i te  s imp ly  f rom t h e  genera l  resu l t s  app l icab le  
to a n y  7(l) var iab le .  Some  of these  a re  g iven  be low w i t h o u t  
p roof  as t h e y  a re  r ead i ly  ava i l ab le  ( W e a t h e r b u r n ,  1961). 

The  e x p e c t a t i o n  va lue  of a y(l)  va r i ab le  is g iven  
b y  1 whi le  t he  r t h  abso lu te  m o m e n t  is g iven  b y  
l(1 + 1 ) . . .  (l + r -  1). T h e  second  m o m e n t  h e n c e  equa ls  
l ( l + l ) ,  so t h a t  t he  v a r i a n c e  becomes  l ( l + l ) - 1 2 = l .  
I t  can  also be  shown  t h a t  t h e  e x p e c t a t i o n  v a l u e  of t he  
pos i t ive  squa re  roo t  is .F(l+½)/F(l). A n o t h e r  p a r a m e t e r  
c o m m o n l y  used  in s ta t i s t ics  is t he  kur tos i s  w h i c h  is t he  
ra t io  of t he  f o u r t h  m o m e n t  a b o u t  t h e  m e a n  to  t h e  
squa re  of t he  va r iance .  F o r  a y(1) va r i ab le  th is  t akes  t he  
va lue  ( 6 / / ) + 3 .  These  are  l is ted in Tab le  1. 

Tab le  1. Statistical parameters of a y(1) variable 

Parameter  Value 

r th  moment :  (x r )  l(l+ 1 ) . . . ( l + r - -  1) 
Variance: ((x-- ~)2 > l 
(I Vxj ) _r(t + ~_)/F(O 
Kurtosis : ((x--~)4)/[v(x)] 2 (6//) + 3 

W e  can  wr i t e  d o w n  i m m e d i a t e l y  t he  va lues  of the  
var ious  p a r a m e t e r s  for  t h e  c e n t r o s y m m e t r i c  a n d  the  
n o n - c e n t r o s y m m e t r i c  cases r e m e m b e r i n g ,  howeve r ,  t h a t  
t he  va r i ab le  i n v o l v e d  for  t he  f o r m e r  case is z '=z /2 .  
T h e  convers ion  fac to r  can  be easi ly  t a k e n  in to  accoun t .  
The  va lues  a re  l is ted in Tab le  2 a n d  m a y  be  f o u n d  to  
agree  w i t h  those  ava i l ab le  in t he  l i t e r a tu r e  (Kar le  & 
H a u p t m a n ,  1953). 

Tab le  2. Statistical parameters connected with the 
normalized intensity, z, for centrosymmetric and non- 

centrosymmetric cases derived by Table 1 

Non- 
Parameter  centrosymmetric Centrosymmetrie 

r - -1  1 1 
2 2 3 

(zr} 3 6 15 
4 24 105 
5 120 945 

v(z) 1 2 
( I F ] ) / I / ( / )  =o½ Vn]2 l/(2/n) 
( ( z -  ~)4 ) l[ v(z) ]2 9 15 
((z--~) 4) 9 60 

I t  is also possible to  discuss t he  n a t u r e  of a y(l) distr i-  
b u t i o n  in t e r m s  of 1. T h u s  for  in s t ance  i t  c an  be  s h o w n  
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t h a t  t he  d i s t r i bu t ion  is a s y m p t o t i c  to  t he  x axis  for  
all  va lues  of l, a n d  w h e n  l > 1 i t  has  a m o d e  a t  x = 1 - 1. 
I f  1 > 2, i t  also touches  t he  x axis  a t  the  origin whi le  if 
1 < l < 2, i t  is t angen t i a l  to  t he  y axis  a t  t h a t  po in t  a n d  
if 0 < l <  1, t he  cu rve  is a s y m p t o t i c  to b o t h  the  axes  
a n d  so on. 

T h e r e  are  also ce r t a in  o the r  genera l  resul ts  conce rn ing  
t h e  g a m m a  d i s t r ibu t ions  wh ich  are  of in te res t  in the  
p re sen t  con t ex t .  F o r  ins tance ,  i t  can  be p r o v e d  qu i te  
gene ra l ly  t h a t  the  s u m  of two  i n d e p e n d e n t  g a m m a  
var iab les  w i t h  p a r a m e t e r s  1 a n d  m is itself a g a m m a  
var iab le  w i t h  p a r a m e t e r  (l+m). T h a t  the  i n t ens i t y  for 
a n o n - c e n t r o s y m m e t r i e  s t r u c t u r e  is a y(1) va r i ab le  can,  
in fact ,  be  d e d u c e d  f rom the  above  resul t  s ince i t  is t he  
s u m  of t he  squares  of t he  real  a n d  i m a g i n a r y  pa r t s  
each  of w h i c h  ( the square)  is a y(½) var iable .  

A n o t h e r  resul t  wh ich  also f inds a useful  app l i ca t ion  
concerns  t he  d i s t r ibu t ion  of the  q u o t i e n t  of two  in- 
d e p e n d e n t  g a m m a  var iables .  Thus  ( W e a t h e r b u r n ,  1961, 
p.  158) if x a n d  y are  two i n d e p e n d e n t  g a m m a  var iab les  
w i t h  p a r a m e t e r s  1 a n d  m, t h e n  the  var iab le  u =x/(x +y) 
has  a b e t a  d i s t r ibu t ion  of the  f irst  k ind  (deno ted  by  
ill(l, m)) def ined  by  

P(u) =u~- l (1  -u)m-1/B(1, m) (6) 

whi le  t he  q u o t i e n t  v =x/y has  a be t a  d i s t r i bu t ion  of the  
second  k ind  (fl~(1, m)) def ined  by  

P(v) =v~-l/B(l, m)(1 +v) ~+m (7) 

w h e r e  B(1, m) is the  well  k n o w n  b e t a  func t ion .  T h e  l a t t e r  
resul t  can  be used  to  d e d u c e  the  d i s t r i bu t ion  of the  
q u o t i e n t  of t he  in tens i t ies  be longing  to two i n d e p e n d e n t  
crysta ls .  T h e  use of this  resul t  will  be d iscussed in de ta i l  
in a n o t h e r  p a p e r  f rom this  l abo ra to ry  (Srinivasan,  
S u b r a m a n i a n  & R a m a c h a n d r a n ,  1964). 

R e s u l t s  a n d  d i s c u s s i o n  

I t  m a y  be seen f rom Tab le  2 t h a t  t he  di f ference b e t w e e n  
the  va lues  of t he  abso lu te  m o m e n t s  is p rac t i ca l ly  in- 
s igni f icant  for  t he  low orders  whi le  i t  increases  ve ry  
r ap id ly  as t he  o rder  increases.  Thus  for r = 4 the  cen t r ic  
case has  a va lue  of 105, wh ich  is m o r e  t h a n  four  t imes  
t he  va lue  for  t he  non-cen t r i c  case, n a m e l y  24. One could  
the re fo re  expec t  t h e y  w o u l d  af ford  us b e t t e r  c r i te r ia  
c o m p a r e d  w i th  the  ear l ier  ones,  n a m e l y  ~ a n d  v(z), 
which  invo lve  a t  t he  m o s t  of t he  second  m o m e n t .  

H o w e v e r ,  t he  one possible l imi t  t h a t  exists  in p rac t i ce  
is t h a t  a n y  errors  in t he  va lues  of z wou ld  become  in- 
c reas ing ly  i m p o r t a n t  for l a rger  va lue  of r a n d  for this  
reason  it w o u l d  be adv i sab le  n o t  to t ry  too h igh  a va lue  
of r. I t  looks as if r = 3 or  4 wou ld  be sui table .  One could  

p r o b a b l y  t r y  also t he  fou r th  m o m e n t  a b o u t  the  m e a n  
for  w h i c h  the  d i f ference  b e t w e e n  the  two  cases is par-  
t i cu la r ly  m a r k e d .  H o w e v e r ,  we t r ied  on ly  (z 4) a n d  the  
resul ts  are  shown  in Tab le  3. The  usua l  p r ecau t ions  as 
are  appl icable  to s ta t i s t ica l  tests  were  obse rved  whi le  
ca r ry ing  ou t  the  ca lcula t ions .  

I t  can  be seen f rom Table  3 t h a t  t he  tes t  has  revea led  
clear ly ,  in each  case, w h e t h e r  the  p ro jec t ion  is cen t re -  
s y m m e t r i c  or  no t .  T h e  only  case w h e r e  t he  resul t  was  
a m b i g u o u s  was  for the  b p ro jec t ion  of the  c o m p o u n d  P4S5. 

Tab le  3. Observed values of (z 4) 

Space 
Crystal group Centric 

Theoretical value 105 

3,3'-Dichloro-4,4'-dihydroxy- } 
diphenylmethane C2/c 98 (hOl) 
(Whittaker,  1953) 

Ephedrine HC1 } 
(Phillips, 1954) P21 98 (hOl) 

a-Rhamnose (McGeachin & /  
Beevers, 1957) P21 144 (hOl) 

5-Methoxy-2-nitrophenol } 
(Bartindale et al., 1959) P212121 108 (hOl) 

L-Tyrosine HCI } 
(Srinivasan, 1959) P21 83 (hOl) 

P tS5 (van Houten & ] 
Wiebenga, 1957) J" P21 54 (hOl) 

NoI1- 
centric 

24 

21 (hk0) 

19 (hk0) 

21 (hkO) 

20 (0kZ) 

W e  also ca lcu la ted  for  this  pa r t i cu l a r  case some of t he  
o the r  p a r a m e t e r s  to see the i r  a g r e e m e n t  wi th  t he  theore t -  
ical values .  The  va lues  o b t a i n e d  were :  ( z 3 ) =  11, (z2)= 
2-7, v(z)=l.6 and  ~=0"63 .  Thus  if we t a k e  all these  
resul ts  in to  accoun t ,  t he re  is a s t rong  overa l l  i nd ica t ion  
t h a t  the  p ro jec t ion  is c e n t r o s y m m e t r i c .  The  d i s c r epancy  
obse rved  in t he  fou r th  m o m e n t  is the re fo re  p r o b a b l y  
due  to s ta t i s t ica l  errors.  

Thus  it seems t h a t  the  h igh -o rde r  m o m e n t s  can  also 
be  used  in p rac t i ce  as s ta t i s t ica l  cr i ter ia .  H o w e v e r ,  i t  
m i g h t  be m e n t i o n e d  t h a t  since t he  s ta t i s t ica l  p a r a m e t e r s  
are  a lways  sub jec t  to errors  i t  wou ld  be b e t t e r  to tes t  
a n u m b e r  of p a r a m e t e r s  ins tead  of j u s t  one or  two.  
This  is l ikely to e l imina te  a n y  possible errors .  

W e  wish to t h a n k  Prof .  G. N.  R a m a c h a n d r a n  for  his 
keen  in te res t  in this  work .  
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